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We present a detailed analysis of GaAs/AlGaAs terahertz quantum cascade laser in the presence of an
intense external magnetic field. One of the objectives in further development of THz quantum cascade laser
is the realization of structures operating at higher temperatures. This is difficult to obtain as the operating
photon emission energy is smaller than the longitudinal-optical phonon energy in the semiconductor material.
With increased temperature, electrons in the upper radiative state gain sufficient in-plane energy to emit an
longitudinal-optical phonon, which represents a non-radiative scattering and reduces the optical gain. By applying
strong magnetic field, two-dimensional continuous energy subbands become split into series of discrete Landau
levels, and at particular values of B it is possible to quench these non-radiative channels. Numerical simulations are
performed on two-well design quantum cascade laser operating at 4.6 THz, implemented in GaAs/Al0.15Ga0.85As,
and the magnetic field is perpendicular to the epitaxial layers. Strong oscillations of carrier lifetimes for the upper
state of the laser transition, as a function of magnetic field are observed, which can be attributed to interface
roughness scattering and longitudinal-optical phonon scattering between Landau levels.
PACS: 72.10.–d, 73.21.Fg
1. Introduction
In recent years, a lot of effort has been put into de-
veloping quantum cascade lasers which emit in the THz
part of the spectrum [1–7]. This range of frequencies is of
particular interest for its prospective applications in non-
invasive medical diagnostics, chemical sensing, security
scanning, telecommunications, etc. However, the impres-
sive performances obtained by quantum cascade lasers
(QCL)s in the mid-infrared spectral region, in terms
of operating temperature, output power and tunability,
cannot easily be transferred to longer wavelengths. The
performances of THz QCLs deteriorate rapidly with tem-
perature due to detrimental thermal activation of non-
radiative losses [8], so cryogenic cooling is still required
for their operation. The highest operating temperature
of 225K is reported for resonant-phonon design scheme
assisted by external magnetic field for additional carrier
confinement [3]. The role of the magnetic field is to
suppress non-radiative intersubband relaxation processes
and thus increase the optical gain [1, 3, 8–18]. Hence, de-
tailed understanding of various scattering mechanisms,
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relevant for laser operation, may be an important factor
in improving its performance.
In this paper we study electron relaxation rates for
the upper state of the laser transition, due to electron–
longitudinal-optical (LO) phonon interactions and inter-
face roughness scattering, for a structure subjected to a
quantizing magnetic field parallel to the confinement di-
rection. The QCL under consideration comprises only
two quantum wells per period and is intended for opera-
tion at 4.6 THz [2]. Owing to the simplicity of this de-
sign, only three subbands per period are mainly involved
in electron transport which facilitates studying of carrier
relaxation processes. We find pronounced oscillations of
the scattering rates with magnetic field and confirm that
elastic scattering due to interface roughness is an im-
portant relaxation mechanism at lower temperatures, in
particular when LO-phonon emission is suppressed.
2. Theoretical considerations
We analyze the simplest (two-well) design of THz
QCL [2], whose conduction band profile is illustrated in
Fig. 1. The lower laser level is depopulated via intrawell
LO-phonon scattering, in order to maintain a short life-
time for this level, while radiative transition between sub-
bands denoted by n = 3 and n = 2 is diagonal. The
(227)
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injection of carriers into the active region and extraction
from the lower subband is achieved via resonant tunnel-
ing. In the absence of an external magnetic field, the elec-
tronic subbands from Fig. 1 have free particle-like energy
dispersion in the direction parallel to the QW planes:
En(k‖) = En0 + ~2k2||/2m||n(En0), where m||n(En0) is
the energy-dependent in-plane effective mass, and k‖ is
the in-plane wave vector. As the operating temperature
increases, electrons in the upper radiative state gain suf-
ficient in-plane energy to emit an LO-phonon, which re-
sults in a fast thermally activated scattering process and
a reduction in optical gain. However, when the structure
from Fig. 1 is subjected to a strong magnetic field B in
the z-direction, continuous subbands En(k‖) transform
into series of individual (strictly discrete) states at en-
ergies En,l ≈ En0 + (l + 1/2)~ωc, where l = 0, 1, 2, . . .
is the Landau index and ωc = eB/m∗ is the cyclotron
frequency. The values of B which give rise to reso-
nant LO phonon emission are found by solving equation:
E3,0 − En,l = ~ωLO (n corresponds to lower subbands),
where ~ωLO is the LO phonon energy.
Fig. 1. A schematic diagram of a single period of two-
well THz quantum cascade laser [2]. Electrons are in-
jected from preceding period into subband n = 3 by res-
onant tunneling. The optical transition occurs between
subbands n = 3 and n = 2, while the depopulation of
the lower laser subband n = 2 relies on fast intrawell
electron-LO phonon scattering into subband n = 1 (the
injection subband for the following period).
The electron-LO phonon scattering rates on transitions
between the initial state Ei = Eni,li and the final state
Ef = Enf ,lf may be found by following the approach
presented in Ref. 17:
1
τLOni,li→nf ,lf
=
e2ωLO
4ε0εp
1
δ
√
2pi
e−
(Eni,li
−Enf ,lf−~ωLO)
2δ2
× (nq + 1)
∫ ∞
0
∣∣F (q||)∣∣2G(q||)dq||, (1)
where ε−1p = ε−1∞ − ε−1s (ε∞ and εs are the static and
high-frequency relative dielectric constant, respectively),
δ is the width of the Gaussian distribution of energy dif-
ference Eni,li −Enf,,lf and nq = [exp(~ωLO/kBT )− 1]−1
is the mean number of LO phonons. Furthermore, q||
is the in-plane component of the phonon wave-vector
q = (qz, q||) and F (q||) is the overlap integral which reads
|F (q||, li, lf )|2 = e−
q2||
2β2
li!
lf !
(
q2||
2β
)lf−li
×
[
L
lf−li
li
(q2||/2β)
]2
, (2)
where β =
√
eB/~ and Lkm(x) represents the associated
Laguerre polynomial. Finally, G(q||) stands for the form
factor given by:
G(q||) =∫∫
η∗i (z) ηf (z) ηi(z
′) η∗f (z
′) e−q‖|z−z
′| dz dz′, (3)
where ηi and ηf denote the z-dependent parts of the elec-
tronic wavefunctions.
To evaluate the interface roughness scattering rate we
start by defining the perturbation Hamiltonian [13, 19]:
Hˆ ′IR = U0δ(z − zi), (4)
where U0 is the barrier height, zi is the interface posi-
tion and δ-function underlines the local character of this
interaction. We assume that the spatial distribution of
roughness may be chosen to follow the Gaussian correla-
tion function [13, 19]
〈∆(r)∆(r′)〉 = ∆2 e− |r−r
′|2
Λ2 , (5)
where ∆ is the mean height of the roughness and Λ is
the correlation length. The scattering matrix element
can therefore be expressed as:
Mi,f =
∫
V
Ψ∗ni,li,kxi Hˆ
′
IRΨnf ,lf ,kxf dV, (6)
where Hˆ ′IR is given by Eq. (4). The wavefunctions
Ψn,l,kx(x, y, z) represent a product of three functions,
ηn(z), Φl,kx(x, y) and exp (ikxx) /
√
Lx (Lx is the half-
length of the structure in x-direction, Lx → ∞). By
inserting these wavefunctions into Eq. (6), we obtaind
the averaged matrix element squared:〈
|Mi,f |2
〉
=
|Fif |2∆2Λ
√
piα
Lx
e−
∆k2x
2
[
2+Λ2β2
2β2
]
×ζ(∆kx). (7)
Here, ∆kx = kxi − kxf , Fif = U0η∗i (zi)ηf (zi) and
α = β2/
(
pi lf ! li! 2lf+li
)
. The form factor ζ(∆kx) is given
by:
ζ(∆kx) =
∫∫
exp
(
−β2[t2 + (t− w)2]− w
2
Λ2
)
×Hli
[
βt− ∆kx
2β
]
Hli
[
β(t− w)− ∆kx
2β
]
×Hlf
[
βt+
∆kx
2β
]
Hlf
[
β(t− w) + ∆kx
2β
]
dtdw (8)
and Hj is the Hermite polynomial of order j. The scat-
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tering rate can now be expressed as [17]:
1
τ IRni,li→nf ,lf
=
√
2pi
~σ
e
(
Eni,li
−Enf ,lf
)2
2δ2
×
∑
kxi ,kxf
〈
|Mi,f |2
〉
. (9)
Clearly,
〈|Mi,f |2〉 depends only on the difference between
kxi and kxf , not on their individual values, hence by
averaging over kxi in the above expression, we obtain∑
kxi ,kxf
〈|Mi,f |2〉→ 1pi ∫∞−∞ |Mi,f |2d(∆kx).
3. Numerical calculations
The GaAs/Al0.15Ga0.85As QCL structure under con-
sideration, consists of two quantum wells per period, and
is designed to emit radiation at 4.6 THz [2]. Fig. 2 il-
lustrates the conduction band diagram of the structure
including one central and two adjacent periods with rel-
evant wavefunctions squared. The energy difference be-
tween subbands 3 and 2 is found to be 19 meV, while
E2 − E1 = 36meV ≈ ~ωLO. The layer thicknesses start-
ing from the injector barrier read: 56/71/31/167 Å.
Fig. 2. Conduction band profile of a THz quantum
cascade laser. Three periods of the structure are dis-
played, and the central one is outlined by a dashed
rectangle. The layer thicknesses starting from the in-
jector barrier are 56/71/31/167 Å, and the electric field
is K = 17 kV/cm.
Numerical parameters used in calculation are: m∗ =
0.0665m0 (m0 is the free electron mass), the conduction
band discontinuity between GaAs and AlAs is ∆Ec =
0.8355 eV, ∆ = 1.5 Å, Λ = 60 Å, δ = 6 meV, ε∞ = 10.67,
εs = 12.51, T = 77 K. Clearly, it is quite a complex
task to evaluate the appropriate values of parameters ∆
and Λ which describe the interface roughness scattering,
given that they depend on the QCL growth technique
as well. Moreover, as pointed out in Ref. 19, in case of
a quantum well (without magnetic field), the interface
roughness (IR) scattering rates differ for an full order of
magnitude when correlation length Λ changes from 10 Å
to 100 Å. We have chosen the value of 60 Å, which is
very close to the typical values for GaAs/AlGaAs inter-
face [19]. As for the influence of mean height of roughness
∆, the IR relaxation rate is directly proportional to ∆2,
so it can easily be rescaled for other values of ∆ reported
in the literature, e.g. ∆ = 3 Å.
When the structure from Fig. 2 is placed in a
strong external magnetic field in the z-direction,
the 2D subbands En0 + ~2k2||/2m||n(En0) split
into series of discrete LLs, the energies of which
(with band nonparabolicity included) are given
by [20]: En,l = En0 + (l + 1/2)~eB/m||n(En0) −
1/8
[(
8l2 + 8l + 5
)
α′1 +
(
l2 + l + 1
)
β′1
]
(~eB/m∗)2. The
in-plane electron effective mass is here calculated as
m||(En0) = m∗[1 + (2α′1 + β
′
1)En0] [14, 15], where the
nonparabolicity parameters α′1 and β′1 are evaluated
according to Ref. 20. The total relaxation rate for
transitions from the ground LL of the third subband
into the sets of LLs of all relevant lower subbands
(of the central and surrounding periods), due to LO
phonon scattering and interface roughness scattering,
is displayed in Fig. 3, for magnetic fields in the range
0.5–18 T.
Fig. 3. The total electron relaxation rate due to emis-
sion of LO phonons and interface roughness scattering
as a function of the magnetic field, for transitions from
the state 3,0 into Landau levels belonging to lower sub-
bands, at T = 77 K.
From Fig. 3, we can see that oscillations of the re-
laxation rate with B are very pronounced, with several
distinct peaks. The first set of maxima occurs at val-
ues of the magnetic field which make the resonance con-
ditions for LO phonon emission fulfilled. Conversely,
when the arrangement of LLs is such that there is no
level situated at ≈ ~ωLO below the state 3,0, this type
of scattering is inhibited, and therefore the correspond-
ing relaxation rate is decreased. On the other hand,
when E3,0 ≈ En,l (with n corresponding to all relevant
lower subbands from Fig. 2), the additional relaxation
path is opened for electrons to elastically scatter into en-
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ergetically nearby levels. These increases in relaxation
rate are assigned to interface roughness scattering mech-
anism. However, the relative influence of elastic and in-
elastic scattering on output properties of QCL, namely
on the optical gain, needs also to be checked out by solv-
ing a full set of rate equations, which describe the elec-
tron distribution over all the states in the system, as
described in Refs. 14-16. As pointed out in Ref. 7,
the influence of the ground state of the thicker well (1’
in Fig. 2) must be taken into account when calculating
the optical gain, as it extends into the thinner well of
the next active region at energy very close to that of
state 3. In addition, it may be useful to perform cal-
culations of scattering rates at higher temperatures as
well. In our model, the temperature dependent quantity
is nq +1 = exp(~ωLO/kBT )/[exp(~ωLO/kBT )− 1] in Eq.
(1). At low operating temperature, it is very close to
unity (namely, 1.0012 and 1.032 at 77K and 120K, re-
spectively), while it increases significantly at room tem-
perature (1.33 at 300K). Evidently, with rising T the re-
laxation rate 1/τLO is increased, while 1/τ IR remains
unchanged, therefore the total relaxation rate becomes
increased. Furthermore, for high enough electron sur-
face densities, the potential profile must be found self-
consistently, hence all the electron energies and wave-
function would become temperature dependent, and the
influence of temperature in both 1/τLO and 1/τ IR would
become quite complicated. These calculations will be
completed within the next stage of our work, with the
goal of providing a clearer understanding of the effects
of nonradiative scattering processes on the operation of
THz QCLs
4. Conclusion
We have presented a detailed model, together with nu-
merical results, for calculating electron relaxation rates
for two-well resonant-phonon design based THz quantum
cascade lasers, in strong magnetic fields. In particular,
the aim of this work was to obtain the electrons relax-
ation rates from the upper laser level due to LO phonon
scattering (inelastic) and interface roughness scattering
(elastic) and compare their relative weights. It is appar-
ent that both relaxation mechanisms must be included
in the course of calculating optical gain of the structure.
Furthermore, both types of scattering are strongly influ-
enced by magnetic field variations as well, hence by vary-
ing the strength of this field, we are able to detect regions
with significantly reduced scattering, which is important
for efficient laser operation.
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